Introduction.
Let w = f(z) be holomorphic on the unit disk D = { z: | z ( < 1} , with the additional restrictions that |f(z)j<l and A. lim f(z) = 1, where A. lim f(z) denotes the z-1 z-1 (outer) angular limit of f (z) at z = 1. Let us now define g(z) = ^ ',-, and then focus our attention on the behaviour of z-1 g(z) in an arbitrary angular neighbourhood of z = 1. Whenever A. lim g(z) exists, this limit is commonly referred to as the z-* 1 angular derivative of f(z) at z = 1.
We now cite some of the fundamental results, by now classical, pertaining to the theory of angular derivatives for functions restricted as above. holds for the functions g(z), --^4-j , and f'(z) respectively. By this we mean that each of these functions actually possesses an angular limit at z = 1 which in each case turns out to be a. Canad. Math. Bull. vol. 9, no. 2, 1966 
is a generalized form of the lemma of Julia. The original Julia lemma essentially states that if f(z) is holomorphic at z = 1 also, then K^ffz)) > jrjj ) K^z).
The generalized Julia lemma and its converse (assertion (v)) reduces the question of existence of a finite angular derivative of f(z) at z = 1 to the problem of finding a positive minimal harmonic function with pole at z = 1 (i. e. , of the form \K(z), X >0) which can be dominated by K (f(z)). Since this 1 1 condition gives little or no direct information about the mapping properties of f(z), we therefore concern ourselves with the problem of finding some other necessary and sufficiency condition that will ensure the existence of a finite angular derivative of f(z) at z = 1 and, at the same time, give direct information about the mapping properties of f(z). Results of this kind have been established by Carathéodory, Valiron, Warschawski and others, and have been summed up in Tsuji ! s book ( [9] , Chapt. IX, theorems DC. 9, IX. 10 and IX. 11).
It is the author 1 s opinion that certain aspects of the theory of angular derivatives can be greatly simplified by making use of some of the concepts of modern potential theory, especially the fine topology of Car tan, Brelot and Nairn. In fact, we shall show that the existence of a finite angular derivative of f(z) at z = 1 is equivalent to the condition that certain fine neighbourhoods of z = 1 are preserved by f(z) in a sense to be made precise.
2. Some Definitions and Results that are Fundamental in Potential Theory.
In this section, we introduce some potential theoretic concepts in a form that is adequate for our purposes. The fine topology of Cartan-Brelot on R is defined to be the least topology on R making continuous the super harmonic functions on R, or equivalently the least topology making continuous the Green potentials on R. A fundamental notion associated with the filter of fine neighbourhoods at a point aeR is the concept of a thin set introduced by Brelot. A set E CR is defined to be thin at ae R if and only if either (i) a is an isolated point of E U {a} in the usual topology on R, or ; (ii) 3 a positive superharmonic function v on R such that v(a) < lim v(z).
z-** a
z € E
A set NCR is a fine neighbourhood of a if and only if a € N and R -N is thin at a.
Let us now choose a e R as a reference point, and hold it fixed throughout the remainder of this section. The set R-{a} shall be denoted by R , and the function _, -r on R X R a G(z, a) a a shall be designated by K(z, w). We shall refer to K(z, w) as tne Martin kernel function, although the term normalized Green's function is often used, and note that there exists a compact metric space R = RU A, where R is dense in R; such that lim K(z, w) z-** z We close this section with a remark on the reference point a. As Parreau ([8] , p. 151) has remarked, the Martin boundary A of R (as well as A ) has only an apparent dependence on the A. point a . If a were replaced by b € R, then the spaces R and R would be equivalent both as topological spaces and uniform spaces.
3.
A Theorem on Angular Derivatives. We shall now state and prove our main theorem. Thus the canonical measure of z-* 1 1 K (f(z)) associated with {1} is greater than or equal to X ( [7] , p. 49, theorem 8 ! -17), and therefore o K f(z) > X K (z) on D. Combining this result with the converse 1 " -o 1 of the generalized Julia lemma, it follows that f(z) possesses a finite angular derivative at z = 1. This proves the suif iciency.
Since the concept of fine neighbourhood is conformally invariant, our theorem holds true if phrased in terms of the half plane, taking into account the minor modifications which must be made. For holomorphic functions on D, with less restrictive conditions than those just considered, the theory of angular derivatives can, in certain instances, be associated with the Phragmé'n-Ldndelô'f principle. It is the writer's intention to consider this principle in a future work.
